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taining two time steps are obtained. Excellent expositions on
this rule are found in Refs. 5-7.

III. Results and Discussion
The numerical results presented in this section were ob-

tained using a computer code written in Mathematica. It should
be remarked that using a hybrid method that links the Math-
ematica code (used for setting up the matrix equations) to
either a C or Fortran code (used for performing the iteration
operations), would produce a highly effective computational
procedure.

In the tables presented here, the underlined results cor-
respond to actual collocation positions where the residual is
forced to be zero.1 For the sake of comparison with Frankel,1

Table 1 presents results for the reconstructed physical vari-
ables of dimensionless temperature 0N(rj, f) and dimension-
less radiative heat flux Qr

N(rj, f) as both a function of the time
step A£ used in solving the expansion coefficients, and the
order of the approximation N when the conduction/radiation
number is NCT = 0.1, the single-scattering albedo is a) = 0.5,
the dimensionless half width is a = 0.5, and the dimensionless
initial temperature and defined surface temperature at 77 -
1 are 0, = 02 = 0, respectively. The results indicated in Table
1 correspond well with those of the explicitly obtained results
reported by Frankel,1 which in turn support the results de-
scribed by other investigators.

In most reported studies, sparse numerical accounts have
been documented for the extremal values of the single-scat-
tering albedo, i.e., co = 0, 1. It should be noted that the
numerical results presented in Table 2 were obtained without
any modification to the general computer code developed for
o)e(Q, 1). Table 2a presents numerical results for both the
dimensionless temperature 0N(j], £) and dimensionless radia-
tive heat flux Qr

N(t], £) as both a function of the time step Af
used in solving the expansion coefficients and the order of
the approximation TV when NCT = 0.1, co = 0, a = 0.5, and
Ot = 62 = 0. By comparing the results of Table 2a to the
results of Table 1, it is clear that additional energy is available
for absorption when the single-scattering albedo is decreased.
This corresponds to an increase in the temperature distribu-
tion as indicated in Table 2a.

Table 2b presents tabulated dimensionless temperature and
radiative heat flux results for the conservative case (a) = 1)
when Ncr = 0.1, a = 0.5, and 0, = 02

 = 0 f°r various time
step sizes Af and various orders of the approximation N. It
is well-known that under this situation the radiative heat flux
is constant as clearly seen in this table. Also, the resulting
temperature distribution is in line with physical expectations
in comparison with Tables 1 and 2a.

The mathematical formalism described by Frankel1 and
computationally refined here offers an alternative method-
ology for solving transient mixed-mode transport. Additional
studies are underway generalizing the methodology to mul-
tidimensional geometries and various degrees of anisotropy.
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Conductance Coefficient in Solids
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Nomenclature
c = specific heat
H = surface conductance coefficient
K = thermal conductivity
p = perimeter
sqdif = sum of the squares of the differences between

the experimental data Tie and the theoretical
values Tit

T = temperature
71,, = constant temperature of the medium
t = time
w = cross section
x = coordinate in the axial direction
p = density

Introduction

T HE surface conductance coefficient appears in a term of
the differential equation for heat flow, which for the one-

dimensional case takes the form:

dt
_

pC dx2 pCW (1)

Table 1 Parameters for the fit of the experimental steady-state
data to the single exponential law of Eq. (2)

Cases
I

II
III
IV
V

VI
VII

VIII
IX
X

XI
XII

Means

T{± a
75.2 ± 0.6
68.1 ± 0.6
65.0 ± 0.6
56.0 ± 0.5
49.7 ± 0.4
43.0 ± 0.4
39.7 ± 0.4
33.8 ± 0.4
30.2 ± 0.4
23.5 ± 0.4
20.1 ± 0.4
13.9 ± 0.4

m = 0.92

— m ± cf
0.99 ± 0.05
1.01 ± 0.05
1.00 ± 0.06
0.97 ± 0.03
0.97 ± 0.03
0.93 ± 0.03
0.88 ± 0.03
0.92 ± 0.03
0.87 ± 0.03
0.89 ± 0.04
0.82 ± 0.04
0.85 ± 0.04
± 0.06

H,
Eq. (3)

2.35
2.44
2.39
2.25
2.25
2.07
1.85
2.03
1.81
1.90
1.61
1.65

H = 2.03

sqdif
17.37
15.12
13.13
9.45
7.34
5.18
2.98
3.14
1.63
1.47
0.63
0.33

± 0.12
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Table 2 Values of the fit of the experimental data to the single exponential law of Eq. (2), for the
cooling of the first point of the bar

Cases
I

II
III
IV
V

VI
VII

VIII
IX
X

XI
XII

Means

Cooling AT,
time, s °C

12,000 1.4
9,900 1.7
9,900 1.7
9,900 1.6
9,900 1.4
9,900
9,900
9,900
9,900
8,400
7,800
6,300

.7

.4

.3

.4

.3
1.4
1.3

m' = 0.38

7 - , - , ± c r

80.2
69.2
66.3
56.3
50.3
46.1
44.2
34.2
32.8
24.4
22.1

0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9

14.0 ± 0.9
± 0.02

-(m1 ±
0.369
0.415
0.412
0.400
0.40

0.354
0.360
0.39
0.34
0.38
0.35
0.39

a) x 10~3

± 0.005
± 0.007
± 0.008
± 0.009
± 0.01
± 0.009
± 0.009
± 0.01
± 0.01
± 0.02
± 0.02
± 0.04

H = 8.2

H,
Eq. (3)

7.97
8.96
8.90
8.64
8.64
7.65
7.78
8.43
7.35
8.21
7.56
8.42

± 0.4

sqdif

12.56
17.98
16.79
13.47
9.13
2.61
2.33
3.02
2.93
1.79
0.10
0.25

In principle,12 H can be obtained from Eq. (1) either from
the steady state (BT/dt) = 0, or from cooling (82T/dx2) = 0,
both of whose solutions obey a single exponential law given,
respectively, by

Tf = 7, exp(-mjc) and T = TiQxp(-m't) (2)

where

m2 = HplKw and m' = tip I pew (3)

Experimentally, therefore, the idea was to look at steady-
state and cooling temperature distributions in the same bar
of a given material to see whether these exponential distri-
butions were satisfied and yielded the same value for H.

We used a standard cylindrical copper3 bar 42 cm long, and
2.5 cm in diameter. The bar was insulated by wrapping it with
asbestos cord and it was held in place on two wooden supports
in the lab at a constant air temperature, with only one exposed
face. J-type thermocouples (Fe-Constantan, from -200°C to
+ 800°C) were placed in 10 holes drilled perpendicularly into
the bar along its length, with its temperatures being recorded
automatically using a data-logger (Fluke, Helios model). The
first thermocouple was 7 cm from the end, being electrically
heated by a resistive coil, and the others were 3.6, 7.1, 10.6,
14.0, 17.5, 20.9, 24.4, 27.9, and 31.4 cm from the first. The
thermocouples were previously calibrated to ensure that the
maximum difference between them was less than the individ-
ual accuracy of ±0.1°C.

An identical setup had been used for iron, aluminium, and
polymethyl methacrylate bars,4-6 and as described there, 12
steady-state cases were studied, with a temperature range
from 14 to 75°C excess over room temperature as measured
for the first (hottest) point. For each of the 12 cases, the
cooling of each of the 10 points was measured. The first (hot-
test) point will be analyzed here as being the worst adjusted
to the simple theory, but the other points do not change the
qualitative conclusions in any way.

Table 1 lists the results of fitting the steady-state experi-
mental data to a single exponential law as in Eq. (2). The
mean values of m and H are m = 0.92 ± 0.06, and H = 2.03
± 0.12. The goodness of the fit, however, becomes worse
very fast as one approaches the hotter regimes, as can be seen
in the last column: the sqdif values in cases I-VI are too large
to consider H as obeying a single exponential, this only being
an acceptable assumption for the last few cases IX-XII.

Once the steady states were reached, the cooling was stud-
ied. Data were logged every 300 s until the temperature had
dropped to 1.3-1.7°C over the surroundings. Table 2 lists the
results of the fit to the single exponential law of Eq. (2). The

behavior of m' seems to be a constant fluctuating around a
mean value m' = 0.38 ± 0.02, and hence, from Eq. (3), H
= 8.2 ± 0.4. A single exponential is an acceptable description
of the cooling. Statistically, the value for sqdif is better than
for the steady state, because there are now two (case XII),
three (cases II-XI), and four (case I) times more experi-
mental data than for the steady state. Physically, it is well-
known7 that there exists thermal inertia that can be regarded
as a transitory state before entering the cooling regime proper.
The values in Table 2 were obtained without eliminating any
data. However, the sqdif value is reduced 2-3 times (cases
I-V) when the first two data points are discarded, the coef-
ficients Ti=i are of course lower, and the exponent m' has
less dispersion. The rest of the cases (VI-XII) are not affected
appreciably.

The steady-state value of H is a factor of 4 smaller than the
cooling value (Tables 1 and 2). Comparative results for the
other three materials were 1) excellent agreement for iron4

(15.21 ± 2.34 steady state, vs 15.98 ± 2.36), 2) fair for
aluminium5 (11.9 ± 1.0 vs 8.6 ± 0.4), and 3) poor for poly-
methyl methacrylate6 (2.84 ± 0.48 vs 12.8 ± 2.0).

The results obtained in this study show that there is a dif-
ficult road ahead towards developing a general theory for the
surface conductance coefficient in solids because of this lack
of uniformity of the conclusions drawn for different materials
under the same experimental conditions, even though these
conditions are not too far from Newton's ideal experimental
conditions for which Eq. (1) for the heat flow in the bar is
supposed to be satisfied. It will be necessary to study a wider
range of materials, both good conductors and bad, changing
the "ideal" conditions step-by-step over a wider range of tem-
peratures to obtain an algorithm simulating the behavior of
a solid under specific thermodynamic conditions, as, e.g., has
been done for the estimation of the unsteady heat transfer
coefficient.8
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Thermodynamic Analysis of the
Influence of Electric Fields

on Frost Formation

H. B. Ma* and G. P. Petersont
Texas A&M University,

College Station, Texas 77843-3123

Nomenclature
= surface area
= height of the needle frost
= radius of the needle frost
= average electric field
= electric field at the tip
= Helmholtz free energy
= driving force of sublimation
= Gibbs free energy
= specific Gibbs free energy
= electric field coefficient
= mass
= saturation pressure
= pressure of water vapor near the frost surface
= universal gas constant
= critical radius of ice nucleation
= temperature or saturation temperature
= interfacial energy of unit area defined by Eq. (9)
= dielectric constant
= latent heat
= density
= polarization rate
= specific electric energy

Subscripts
a = solid phase
/3 = vapor phase
a = interface phase
0 = relative or reference point
so = no electric field

Introduction

T HE typical frost formation process in the absence of
electrostatic fields has been described in detail by Hay-

ashi et al.' In the initial stage of frost formation on a horizontal
surface, a thin frost is formed, covering the cooled surface.
Frost crystals, which are relatively far apart, then form on
this thin frost layer. These frost crystals grow in a vertical
direction, all at approximately the same rate, forming a struc-
ture of long thin vertical shafts, similar to a forest of trees.
This rough frost formation continues to grow through the
formation of branches around the top of the frost crystals or
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a)

Fig. 1 Schematic of frost formation: a) with and b) without electro-
static fields.

through the interaction of each crystal, and gradually forms
a relatively flat surface as shown in Fig. la.

The formation of frost in a uniform electrostatic field is
quite different in several respects.2-3 Most notable is that in
the initial frost nucleation, the frost does not appear to form
evenly on the cooled surface, but rather forms in pits or small
depressions. When the first frost nucleations spread and in-
crease in size, more new frost nucleations are formed on the
surface. After a short period of time, small needle-like crystals
of frost suddenly appear at the frost nucleation sites. The rate
of growth of these needles is quite rapid and not particularly
uniform, however, the growth for all of these needles is in
the vertical direction, perpendicular to the cooled surface, as
shown in Fig. Ib. This behavior has a number of similarities
to the formation of liquid droplets occurring in dropwise con-
densation.

Because little is known about the behavior of these frost
needles, and the physical processes involved in the frost growth
in the presence of electrostatic fields, difficulties have been
encountered in predicting the effects these fields have on the
frost formation. Until recently, no satisfactory results, either
qualitative or quantitative, have been available. In an effort
to explain qualitatively some of the experimentally observed
phenomenon, the fundamental thermodynamic expressions
that describe the effect electrostatic fields have on the vapor-
solid phase change processes occurring during frost forma-
tion, have been developed.

Theoretical Analysis
Frost formation through sublimation is a process of ice-

crystal growth in the gaseous phase. When a surface at a
temperature below the freezing temperature (0°C at atmo-
spheric pressure) comes into contact with moist air having a
dew-point temperature greater than the temperature of the
surface, frost will form. Because the oversaturated water va-
por is a metastable phase in which the Gibbs free energy is
higher than that of an ice crystal in steady state, ice crystals
can form (even under steady-state conditions). Assuming that
the water vapor behaves as an ideal gas, the driving force of
sublimation may be expressed as

f = RT /,,(P*I P) (1)

As a result of the oversaturated vapor pressure of the water


